En este artículo, se plantea un algoritmo para aproximar la distancia Geodésica entre los puntos y de la esfera, mediante la solución numérica de un problema de valor inicial asociado al sistema de ecuaciones diferenciales ordinarias de las geodésicas; para lo cual se determina una dirección apropiada.
Introduction
The problem of finding the distance between two points on a regular surface S (connected and complete), in general it is not easy; since it requires to find the minimal geodesic that joins these points. An algorithm called Leap-Frog (Kanya, Noakes, 1997 Noakes, -1998 ) was developed to approximate geodesics; and Noakes in 1998 developed a global algorithm for this purpose.
In the case of a sphere, without loss of generality, we can consider the unit sphere centered on the origin of coordinates, the distance between two points, is found using the maximum circumference that passes through these points; since in a sphere the maximum circumferences are the geodesics. This distance in the sphere is known as the geodesic distance or the shortest arc distance between points (Wesolowsky, 1982) .
In this paper, we obtain a numerical approximation to the geodesic distance, solving a problem of initial value associated to the system of ordinary differential equations of the geodesics; based on the method developed by Rubio (2015) . For this, we obtain a vector that will give the direction that will solve the problem of initial value respective. An algorithm is also provided for this purpose.
Regular Surfaces.
In this section we enunciate some results on Differential Geometry, which were taken of the book of Do Carmo (1976 
where denotes the Covariant Derivative. Now, let's consider a parametrization , which that . Also, the parametrization induce a base in the tangent space , to S at . Now, let be a vectorial field tangent along a curve differentiable parametrized . The expressions of field in the parametrization is:
The expressions of covariant derivative of field , by (2) , is:
where the ,are called the Christoffel symbols which are given by:
Also, the coefficients of the First Fundamental Form of S in the parameterization X, are given by:
If is parametrized geodesic, its expressions in the parametrization is given by:
. Therefore, the tangent vector is given by:
.
Using (1) and (3) for ; its have:
that is a system of ordinary differential equations of second order.
Geodesic on
Consider the unit sphere:
The upper hemisphere or northern hemisphere is given by:
which is the graph of the differentiable function defined by √ , donde .
A parametrization for (8) is given by defined by:
The coefficients of the first fundamental form (5) are:
Its derivatives:
Using (10) and (11), the Christoffel symbols . are obtained.
Therefore, the initial value problem associated with the geodesics is:
where .
Distance on
Since the Gaussian Curvature of is , the formula for find the Euclidean distance in the plane does not apply in this case; for that reason, the distance between two points in , is calculated through the Intrinsic distance of the connected regular surface ; which is defined by:
where:
In the case of , the geodesics are maximum circumferences; therefore, the shortest distance between any two points of is measured along a maximum circle passing through them.
According to (Wesolowsky, 1982) , this distance is known as shorter arc distance.
Mangalica (2005), and Wesolowski (1982), consider the spherical coordinates , a point is defined by its latitude and longitude , and is denoted by , where .
Thus, when considering two points , the shortest length arc , satisfies:
[ ] which is called (Donnay, 1945 ) geodesic distance, denoted by , between the points and .
The Geodesic Direction
In this paper we will approximate the distance or geodesic distance, solving a problem of initial value associated to the system of ordinary differential equations of geodesics (12). 
Proof
We only give the proof respect to (16); because the other option is analogous.
Using the parametrization (9), there are in , such that:
Using (20), we have: ( ), where:
Therefore, from (21), the vector ( ) is given by:
The following theorem allows us to find the minimal geodesic direction; which is used in the initial condition of the initial value problem (12).
Theorem 5.4. The minimal geodesic direction , for the system (12), is given by:
As is the graph of the differentiable function √ , of theorem (5.3), we have:
, is given by:
Because it is the projection of ( ) on the coordinate plane XOY.
Algorithm.
In this section we developed a algorithm (Rubio, 2015) , to approximate the Geodesic distance , , Obtaining the numerical solution of I.V.P (12). 
